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Abstract 
       This article is a thorough critique to the Weniger’s comments made to our papers 
published in prestigious journals in the recent years. A detailed and critical examination of the 
arguments that led to the suggested comment by Weniger reveals some serious flaws. In our 
published papers we have shown that the unsymmetrical and symmetrical one-range addition 
theorems for Slater type orbitals, Coulomb-Yukawa like correlated interaction potentials 
(CIPs) and their derivatives are derived from the expansions in terms of αΨ -ETOs that are 
complete and orthonormal sets of exponential type orbitals in corresponding Hilbert spaces, 
where 1,0, 1, 2,...α = − − It should be noted that Lambda and Coulomb Sturmian functions 
introduced by Hylleraas, Shull and Löwdin which are widely used by Weniger and his 
coworkers, as indicated by Weniger himself,  are the special cases of αΨ -ETOs for 0α =  
and 1α = , respectively. Thus, the completeness of function sets αΨ -ETOs in Hilbert spaces 
suffice to guarantee the existence and convergence of formal series expansions in terms of 
these functions and, therefore, from a mathematical point of view our treatment of one-range 
addition theorems is fundamentally flawless. The concrete criticism raised in Weniger’s 
comment against our papers actually touches a very minor aspect of the works that are not 
relevant at all for the conclusions, which are made. As can be seen from our papers, all of the 
formulas for different kinds of multicenter integrals over Slater type orbitals with integer and 
noninteger principal quantum numbers obtained by the use of unsymmetrical and symmetrical 
one-range addition theorems were tested by computer calculations. We reject the Weniger’s 
personal views about papers published by Guseinov and his coworkers from 1978 to 2006 and 
respectable referees on one-range addition theorems and multicenter integrals. All claims of 
inconsistencies and flaws in the theoretical framework are rejected as unfounded. This 
rejoinder paper contains all of the answers to Weniger’s comments.  
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I. Introduction 
       In the context of atomic and molecular electronic structure calculations, two 
fundamentally different types of addition theorems occur in the literature. The addition 
theorems of the first type all have the typical two-range form of the Laplace expansion of the 
Coulomb potential, which can lead to nontrivial technical problems. These addition theorems 
can be derived as shown in [1] via rearrangement of 3-dimensional Taylor expansions. There 
is a second class of addition theorems which can be constructed by expanding a function 
located at a center a in terms of a complete orthonormal set located at a center b. In such an 
addition theorem, the dependence of the centers and b is completely contained in the 
overlap integrals. If the complete orthonormal set occurring in the one-range addition theorem 
consists of exponentially decaying functions, then its elements can usually be expanded by 
finite linear combinations of STOs. Consequently, it looks like an obvious idea to express the 
overlap integrals obtained from the complete orthonormal set in terms of overlap integrals of 
STOs. 
a
        The use of one-range addition theorems in molecular calculations would be highly 
desirable since they are capable of producing much better approximations than two-range 
addition theorems. The one-range addition theorems simplify subsequent integrations in 
multicenter integrals substantially. The one-range addition theorems established in 
Guseinov’s published papers using complete orthonormal sets of ETOsαψ −  [2] could be 
utilized for the calculation of arbitrary multicenter multielectron integrals, especially for the 
evaluation of one- and two-electron integrals of HFR equations and multicenter electronic 
attraction, electric field and electric field gradient integrals occurring in the study of 
interaction between electrons and nuclei of a molecule. 
       In the Comment [3,4], Weniger claims that “Guseinov had failed to understand the 
mathematical theory behind one-range addition theorems. Thus is bad enough. However, the 
referees of Guseinov’s numerous articles on one-range addition theorems apparently also 
failed to understand this theory”. This statement is completely unacceptable. The respectable 
referees very well understand and examined the published by Guseinov and his coworkers in 
the years from 1978 to 2006 papers on one-range addition theorems. 
        The essential facts of Hilbert space and approximation theory as well as all questions of 
convergence and existence have been taken into account by Guseinov and his coworkers in 
the context of one-range addition theorems and multicenter integrals. Thus, the Guseinov’s 
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treatment of one-range addition theorems is not questionable, and is fundamentally flawless 
from a mathematical point of view. 
        The convergence of a large number of one-range addition theorems for Coulomb 
potential [5], which is the special case of Coulomb-Yukawa like CIPS, was tested for 0α = , 
1α =  and 1α = − . The accuracy of computer results obtained from one-range addition 
theorems for Coulomb potential with the different values of α  is satisfactory. Guseinov and 
his coworkers performed the similar tests in all articles. We completely reject the Weniger’s 
personal statements about Guseinov’s approach for one-range addition theorems and 
multicenter integrals over STOs with integer and noninteger principal quantum numbers. It is 
quite obvious that Weniger had failed to understand the quantum theory behind integer 
principal quantum numbers. He often contradicts his own previous works.   
        In this reply, we present the series expansion formulas and computer results for the 
multicenter integrals of HFR equations for molecules obtained with the help of one-range 
addition theorems of Coulomb potential. It is demonstrated that the Guseinov’s one-range 
addition theorems for Coulomb potential from a mathematical of view are completely 
flawless and substantially simplify integration in multicenter integrals. 
 
2. Complete Orthonormal Sets of αΨ -ETOs 
      It is well known that the exponential type orbitals (ETOs) would be desirable for basis 
sets in molecular calculations because they can satisfy the cusp condition at the nuclei [6] and 
the exponential decay for large distances [7-8]. However, the difficulties in calculation of 
multicenter molecular integrals have restricted the use of ETOs in quantum chemistry. In the 
literature there is renewed interest in developing efficient methods for the calculation of 
multicenter molecular integrals by employing ETOs as basis sets [9-17]. Older works mainly 
using STOs are reviewed in Refs. [18-22].  
      One of the most promising methods for the evaluation of multicenter molecular integrals 
is the expansion of STOs in terms of complete orthonormal sets of ETOs placed at shifted 
center. In Ref. [17] we derived the two kinds of expansion formulas for one-range addition 
theorems of STOs using so-called Coulomb Sturmian and Lambda ETOs, which into atomic 
and molecular calculations were introduced in Refs. [23-26], respectively (see also Refs. [27-
28]). It should be noted that Coulomb Sturmian and Lambda ETOs are based upon the 
generalized Laguerre polynomials 2 11
l
nL
+
+  and
2 2
1
l
n lL
+
+ + , respectively. Utilizing relations for these 
ETOs presented in Refs. [23-26] we are able to find in Ref. [2] the following single analytical 
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formula for the complete orthonormal sets of ETOsαψ −  which are composed of an 
exponential, a regular solid spherical harmonic, and the non-standard generalized Laguerre 
polynomials 2 11
l
nL
+
+ , 
2 2
1
l
n lL
+
+ + , ,… 
2 3
2
l
n lL
+
+ +
( , ) ( , ) ( , )nlm nl lmr R r S
α αψ ζ ζ θ=G ϕ                                                                                                (2.1) 
1/ 23
/ 2
3
(2 ) ( )!( , ) ( 1) ( )
(2 ) ( !)
l x p
nl q
q pR r
n q
α α
α
ζζ −⎡ ⎤−= − ⎢ ⎥⎣ ⎦
G x e L x ,                                                                 (2.2) 
where 2x rζ= , 2 2p l α= + − , 1q n l α= + + −  and α = 1, 0,−1,−2,−3, . . .. The following 
relation determines the generalized Laguerre polynomials  
1
( )
q p
p
q
i
p i
qiL x β
−
=
= ∑ x
.
,                                                                                                                   (2.3) 
where  
( 1) ( )! ( ) ( )p p iqi i p iq i F q F qβ + += − − .                                                                                          (2.4) 
!/[ !( )!] 0
( )
0 0i
q i q i for i q
F q
for i and i q
− ≤⎧= ⎨ < >⎩
≤
                                                                       (2.5) 
The generalized Laguerre polynomials satisfy the orthonormality relation 
3
0
( !)( ) ( )
( )!
x p p p
q q q
qe x L x L x dx
q p q
δ
∞
−
′ = −∫ ′ .                                                                                      (2.6)  
The functions  occurring in Eq. (2.1) are the normalized complex ( )or real 
spherical harmonics. We notice that our definition of phases for the complex spherical 
harmonics differs from the Condon–Shortley phases [29] by the sign factor. We use phases 
according to the relation 
lmS lm lmS Y≡
* ( , ) ( , )lm l mY Yθ ϕ θ−= ϕ . It should be noted that the Lambda and 
Coulomb Sturmian ETOs introduced in Refs. [23-26] are the special cases of the ETOsαψ −   
for α = 0 and α = 1, respectively; i.e., 0nlm nlmψ ≡ Λ  and 1nlm nlmψ ψ≡  (see Eqs. (1) and (2) of Ref. 
[17]). 
The ETOsαψ − are orthonormal with respect to the weight function ( / )n r αζ : 
*
( , ) ( , )nlm n l m nn ll mmr r dV
α αψ ζ ψ ζ δ δ δ′ ′ ′ ′ ′ ′=∫ G G ,                                                                                  (2.7) 
where 
( , ) ( , ) ( , )nlm nl lmr R r S
α αψ ζ ζ θ=G ϕ                                                                                                (2.8) 
( , ) ( , )nl nl
nR r R
r
α
α rαζ ζζ
⎛ ⎞= ⎜ ⎟⎝ ⎠
G .                                                                                                  (2.9) 
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     By the representing the generalized Laguerre polynomial in terms of powers of the 
2x rζ=  according to Eq. (2.3) it is easy to obtain for the transformation of  
and ETOsα αψ ψ− −  into STOs the expressions 
1
( , ) ( , )
n
l
nlm nn n lm
n l
rα α rψ ζ ω χ′ ′
′= +
= ∑G ζ G                                                                                             (2.10) 
( ) ( ) ( ) 12
1
( , ) 2 2 ! 2 ! ( , )
n
l
nlm nn n lm
n l
r n n n
αα α
α
α
rψ ζ α− ′ ′+
′= + −
⎡ ⎤′ ′= +⎡ ⎤⎣ ⎦⎣ ⎦∑G Gω χ ζ ,                                      (2.11) 
where the quantities lnn
αω ′  are determined by  
1/ 2
1
1 1
( 1)!( 1) ( 1 ) ( 1) (2 )
(2 ) ( 1 )!
l n l
nn n l n l n l
n l F n l F n l F n
n n l
α
ααω αα
′− −
′ ′ ′+ + − − − − −
′⎡ ⎤+ + ′= − + + − − −⎢ ⎥′ + + −⎣ ⎦1′     (2.12) 
Here, the ( , )nlm rχ ζ G are the normalized STOs defined as  
[ ] 1/ 21/ 2 1( , ) (2 ) (2 )! ( , )n n rnlm lmr n r e Sζχ ζ ζ θ−+ − −=G ϕ .                                                               (2.13)  
We notice that if factorials of negative number occur in these equations, they should be 
equated to zero, i.e.,  for 0lnn
αω ′ = n n′< . 
 
3. One-Range Addition Theorems for αΨ -ETOs, STOs and Coulomb- 
     Yukawa Like  CIPs  
      The aim of this section is to establish the one-range addition theorems for ETOsαψ − , 
STOs and Coulomb-Yukawa like CIPs. These addition theorems can be used for the 
calculation of multicenter multielectron integrals arising in HFR approximation and correlated 
interaction potentials approaches.         
3.1. αΨ -ETOs 
To derive the unsymmetrical one-range addition theorems for ETOsαψ −  we expand the 
ETOsαψ −  in terms of ETOsαψ −  at a displaced center and use Eq. (2.7) for orthonormality 
relation. Then, we get the desired result,  
( ) ( ) (11 ,
1 0
, , ;
n l
nlm a nlm n l m ab n l m b
n l m l
r S Rα α α )1, rψ ζ ζ ζ ψ ζ∗′∞ − ′ ′ ′ ′ ′ ′
′ ′ ′ ′= = =−
′= ∑∑ ∑ ′GG G ,                                                   (3.1) 
where the overlap integrals of ETOsαψ − are determined as   
1( , ; ) ( , ) ( , )' ' 'nlm,n l m ab nlm a bn l mS R Ψ r Ψ r dv
α α αζ ζ ζ ζ∗′ ′ ′ ′ = ∫G G G1 1′ .                                                                    (3.2)  
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Using Eqs. (2.10) and (2.11) in (3.2) we obtain for the expansion coefficients in terms of 
overlap integrals over STOs the following relation:  
( ) ( ) ( ) 12
1 1
( , ; ) 2 2 ! 2 ! ( , ; )
n n
αl αl
nlm,n l m ab nn n µ + n lm,µ l m ab
n l l
S R n S
ααα
α
µ α
ζ ζ µ µ α ω ω ζ ζ′− ′′ ′ ′ ′′ ′ ′ ′′ ′ ′ ′
′′ ′ ′= + = + −
⎡ ⎤′ ′ ′ ′ ′= +⎡ ⎤⎣ ⎦⎣ ⎦∑ ∑G GR , (3.3) 
where the ( , ; )n lm,µ l m abS ζ ζ′′ ′ ′ ′ ′
G
R
1 1dv′
 are the overlap integrals of STOs defined by  
*
1( , ; ) ( , ) ( , )nlm,n l m ab nlm a n l m bS R r rζ ζ χ ζ χ ζ′ ′ ′ ′ ′ ′′ = ∫G G G .                                                                (3.4) 
See Sec. 5 for the evaluation of overlap integrals ( , ; )nlm,n l m abS Rζ ζ′ ′ ′ ′
G
.    
The formulae for symmetrical one-range addition theorems of ETOsαψ −  are presented in 
Ref. [30]:  
3/ 2 1 1
1 ,
1 0 1 0
2( , ) ( , , ) ( , ) ( , )
n l N L
NLM
nlm a nlm n l m NLM ab n l m b
n l m l N L M L
r D Rα α απζ ζ ζ ζζ
′ ′∞ − ∞ − ∗
′ ′ ′ ′ ′ ′
′ ′ ′ ′= = =− = = =−
⎛ ⎞ ⎛ ⎞′ ′Ψ = Ψ Ψ⎜ ⎟ ⎜ ⎟⎝ ⎠⎝ ⎠ ∑∑ ∑ ∑∑ ∑
GG G
1r
αζ ζ ,    (3.5) 
where 2/)( ζζζ ′+=  and  
=′′′′ ),,(, ζζζαNLM mlnnlmD MmmML AmllmCL ′′′+ ),()12(2
1 21
π           
                ),,(
])!2[(
]))!(2[()2( ,
1 1
21
21
1
ζζζαωωω ααααα ′−× − ′′
+=
′
+′=′ +=
′
′′∑ ∑ ∑ LS lssln
ls
n
ls
L
NS
N
LS
l
sn
l
ns QS
SN .                           (3.6) 
It should be noted that for ζζ ′= , the coefficients , ( , , )NLMnlm n l mDα ζ ζ ζ′ ′ ′ ′  determined by the 
relations (3.6) do not depend on the parameters ζ , i.e., 
 , , ( , , )
NLM NLM
nlm n l m nlm n l mD D
α α ζ ζ ζ′ ′ ′ ′ ′ ′= .                                                                                                 (3.7) 
Thus, Eqs. (3.1) and (3.5) determine all the unsymmetrical and symmetrical one-range 
addition theorems of ETOsαψ − , respectively.  
3.2. STOs 
     In previous works [31-32] the unsymmetrical and symmetrical one-range addition 
theorems for STOs were derived using complete orthonormal sets of ETOsαΨ − . 
     In order to obtain the unsymmetrical one-range addition theorems for STOs we expand 
STOs in terms of complete orthonormal sets of αΨ -ETOs at a displaced center: 
( ) ( ) (1 *1 ,
1 0
, , ;
n l
nlm a nlm n l m n l m b
n l m l
r M Rα αχ ζ ζ ζ ζ′ ′∞ − ′ ′ ′ ′ ′ ′
′ ′ ′ ′= = =−
′= ∑∑ ∑ )1, r′ΨGG G ,                            (3.8) 
where  abRR
GG =  and 
( ) ( ) ( )*, 1, ; , ,nlm n l m nlm a n l m b1 1M R r rα ζ ζ χ ζ ζ′ ′ ′ ′ ′ ′′ = Ψ∫G G G dvα ′ .                             (3.9) 
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Here, we have taken into account the orthonormality relation (2.7) for αΨ -ETOs.  
       In order to express the right-hand side of eq.(3.8) in terms of STOs we use a particular 
method suggested in previous publucation[31]. Using this method, we write Eq.(3.8) in the 
following form: 
( ) ( ) (
max
1
*
1 ,
1 0
, lim , ; ,
N n l
nlm a nlm n l m n l m bN N n l m l
r M R
′ ′−
′ ′ ′ ′ ′ ′→ ′ ′ ′ ′= = =−
′ ′= ∑∑ ∑ )1rΨGG Gα αχ ζ ζ ζ ζ                               (3.10) 
where .  maxN < ∞
Now we rearrange the order of summations in (3.10) using Eq. (2.10) and 
characteristics of the coefficients . Then, it is easy to prove for 1lnn
αω ′ N≤ < ∞  the following 
identity: 
      
( ) ( )
( ) ( )
1
*
, 1
1 0
1
*
, 1
1 0
, ; ,
, ; , .
N n l
nlm n l m n l m b
n l m l
N n l N
l
n n nlm n l m n l m b
n l m l n n
M R r
M R r
α α
α α
ζ ζ ζ
ω ζ ζ χ ζ
′ ′−
′ ′ ′ ′ ′ ′
′ ′ ′ ′= = =−
′ ′− ′
′′ ′ ′′ ′ ′ ′ ′ ′
′ ′ ′ ′ ′′ ′= = =− =
′ ′Ψ
⎛ ⎞′ ′= ⎜ ⎟⎝ ⎠
∑∑ ∑
∑∑ ∑ ∑
G G
G G                              (3.11) 
We take into account Eq.(2.10) in Eqs.(3.9) and (3.11). Then, we obtain finally for the 
unsymmetrical one-range addition theorems of STOs the following relation: 
( ) ( ) (
max
1
*
1 ,
1 0
, lim , ; ,
N n l
N
nlm a nlm n l m n l m bN N n l m l
r V R
′ ′−
′ ′ ′ ′ ′ ′→ ′ ′ ′ ′= = =−
′ ′= ∑∑ ∑ )1rGG Gαχ ζ ζ ζ χ ζ .                                          (3.12) 
Here, the expansion coefficients  for translation of STOs are determined by NV α
( ) ( ) ( )∑
+′=′′
′′−′′
′
′′′′′′ ′Ω=′
N
ln
mlnnlm
l
nn
N
mlnnlm RSNRV
1
,, ;,;,
GG ζζζζ ααα ,                                      (3.13) 
where 
( )
( )∑=′ ′′′⎥⎦
⎤⎢⎣
⎡ −=Ω
N
nn
l
n
l
nn
l
n n
kN
κ
α
κ
ααα
κ ωωκ
α
,max
2
1
)2(
)!2(
)]!(2[ .                (3.14) 
 
The quantities  occurring in Eq. (3.13) are the overlap integrals between the 
normalized STOs defined by Eq. (3.4) 
mlnnlmS ′′′,
      It can be seen from Eq.(3.13) that the expansion coefficients for the unsymmetrical one-
range addition theorems of STOs are expressed through the overlap integrals with STOs. 
      The symmetrical one-range addition theorems of STOs are given in Ref. [33]: 
max
max
1 1 1
*
1 ,3 2
1 0 1 0
1( , ) lim ( , ; ) ( , ) ( , ),
N n l N N u
u s
a nlm uN N n l m l u sN N
r D N N t
′− + − + −
→ = = =− = = =−′ ′→
⎡ ⎤′= ⎢ ⎥⎣ ⎦∑∑∑ ∑ ∑∑ 1s ab nlm bR r
GG Gα υ α υ
µνσ µνσ υ
υ υ
χ ζ χ η χ ηη          (3.15) 
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where 0η >  and  
( )
, , 1/ 2
1 1 1
1 21 2
( )!( , ; ) ( )
{(2 )![2( )]!}
( )(1 ) 1 .
N N N
u s l u s
nlm nn n lm
n l
D N N t N g
N t t
α υ α α υ
µνσ µ νσ α
µ ν µ ν
µ ααν µ
µ µ
µ µ α
µ µ α
′ ′
′ ′ ′−
′ ′ ′′= + = + = +
′′− ++
′ ′′
′′+ −′ = Ω ′′ −
′×Ω + −
∑ ∑ ∑
                    (3.16) 
Here, t ζ ηζ η
−= +  and . , 0 1
uvs
n lmg for u n
α
µ νσ α µ α′ ′− ′ ′≡ > + − +
 The unsymmetrical and symmetrical one-range addition theorems can also be 
established for noninteger n STOs. For this purpose one should take into account Eq. (3.12) 
and (3.15) in Eq. (4.27) for the one-center expansion formulas.  
  3.3. Coulomb-Yukawa Like CIPs 
   It is well known that the determination of multielectron properties for atoms and 
molecules requires the more accurate solutions of Hartree-Fock (HF) equations [34]. In order 
to obtain better approximate solutions in HF theory, Hylleraas first introduced the two 
standard variational approaches in a series of papers on heliumlike systems: (1) the Hylleraas 
(Hy) method [23,35], in which the interelectronic coordinates  are explicitly included in the 
terms of the wave function; (2) the configuration interaction (CI) method [36,37], in which 
the wave function is determined by the linear combination of determinantal functions arising 
from different configurations [38]. There are theoretical grounds [38-39] for thinking that 
both the CI and the Hy methods are general methods capable of yielding variational solutions 
that converge to the exact solution of the Schrödinger equation with any desired degree of 
accuracy if a sufficient number of terms are included. We notice that the CI expansions 
converge much more slowly than the Hy-method expansions. Recent work on the hybrid 
technique Hy-CI [40], which avoids many of the complicated integrals, converges rather 
quickly for small systems. A drawback in the Hy-type expansions, however, is the complexity 
of the calculation of multicenter multielectron integrals. The Hy method first developed by 
James and Coolidge [41] has been used for determination of the ground state energy of  
molecule [42, 43] and is still valid for two- and three-electron atomic and molecular systems 
(see, e.g., Refs.[44, 45] and references quoted therein). 
ijr
2H
  In this section, using the complete orthonormal sets of ETOsαψ −  a large number of 
unsymmetrical and symmetrical one-range addition theorems for Coulomb-Yukawa like CIPs 
are presented. The addition theorems derived are especially useful for the computation of 
multicenter multielectron integrals of CIPs occurring in the HFR approximation and explicitly 
correlated methods.  
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  In Ref. [46], we introduced the CIPs method, in which the positive indices µ , screening 
parameter ξ  and the interelectronic coordinates ,ij ij ijx y and z  are explicitly included in the 
terms of the CIPs. The combined Coulomb (for 0ξ = ) and Yukawa (for 0ξ > ) like CIPs are 
defined as [32, 46]: 
1/ 24( , ) ( , ) ( , )
2 1
f r f r Sµνσ µ νσ
πξ ξ ν
⎛ ⎞= ⎜ ⎟+⎝ ⎠
G θ ϕ ,                                                                          (3.17)      
where 0, oµ ξ≥ ≥ and ( , )Sνσ θ ϕ  are the complex  (for νσνσ YS ≡ ) or real spherical harmonics 
and  
1
00( , ) ( , )
rf r f r r eµ ξµ µξ ξ − −= = .                                                                                           (3.18) 
In order to derive the unsymmetrical one-range addition theorems for Coulomb-Yukawa like 
CIPs, we expand the function (3.17) in terms of complete orthonormal sets of ETOsαψ −  at a 
displaced center. Then, using the method set out in section (3.2) we finally obtain: 
( )
max
1
1 ,
1 0
( , ) 4 lim , ; ( , )
N n l
N
a nlm ab nlm bN N n l m l
1f r W R
∗−
→ = = =−
= ∑∑∑ rGG Gαµνσ µνσξ π ξ η χ η ,                                       (3.19) 
where 0η >  and  
( ) ( ) (,
1
, ; , ;
N
N l
nlm ab nn n lm ab
n l
W R N Uα αµνσ µνσ αξ η ξ η′ ′−
′= +
= Ω∑G G ), R .                                                      (3.20) 
Here, 1,0, 1, 2,...α = − −  and ( ), , ;n lm abUµνσ α ξ η′− RG  are the overlap integrals between CIPs and 
STOs:  
( ) ( ) ( )*, 11, ; , ,4n lm ab a n lm bU R f rµνσ α µνσ αξ η ξ χ ηπ′− = ∫
G
1 1r dv′−
G G .                                                (3.21) 
The unsymmetrical one-range addition theorems of Coulomb and Yukawa potentials are 
obtained from Eq. (3.19) for 0µ ν σ= = = , 0ξ =  and 0µ ν σ= = = , 0ξ > , respectively,  
for Coulomb potential 
( ) (
max
1
000, 1
1 01
1 4 lim 0, ; ,
N n l
N
nlm ab nlm bN N n l m la
W R
r
∗−
→ = = =−
= ∑∑∑ )rG Gαπ η χ η
)Rη
                                                     (3.22) 
( ) (000, 000,
1
0, ; ( ) 0, ;
N
N l
nlm ab nn n lm ab
n l
W R N Uα α αη ′ ′−
′= +
= Ω∑G G                                                            (3.23) 
( ) ( )000, 1 1
1
1 10, ; ,
4n lm ab n lm ba
U R r
rα
η χ ηπ′ ′− −= ∫
G
dvα
G ,                                                              (3.24) 
for Yukawa potential 
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( ) (1
max
1
000, 1
1 01
4 lim , ; ,
ar N n l
N
nlm ab nlm bN N n l m la
e W R
r
∗− −
→ = = =−
= ∑∑∑ )rG Gξ απ ξ η χ η
)R
                                                 (3.25) 
( ) (000, 000,
1
, ; ( ) , ;
N
N l
nlm ab nn n lm ab
n l
W R N Uα α αξ η ξ η′ ′−
′= +
= Ω∑G G                                                           (3.26) 
( ) ( )1000, 1 1
1
1, ; ,
4
ar
n lm ab n lm b
a
eU R r
r
ξ
α ξ η χ ηπ
−
′− = ∫G dvα′− G .                                                          (3.27) 
The analytical relation for two-center basic Coulomb potential function, Eq. (3.24), is given in 
previous work [47] 
1
1/ 2 1
0
2 ( 1)!( , ) (1 ( )( ) ) ( , )
(2 1)[(2 )!(2 )] ( )
n n l
r l
nlm lml
n lU r e n r S
l n r
η σ
σ
σ
η γ η θη η
+ +−
+
=
+ += −+ ∑G ϕ ,                          (3.28)               
)!12()!1(
)!(
!
1)( −−++
−−=
lln
lnnl σσγ σ .                                                                                  (3.29) 
Here  . In Eq.(3.29) terms 
with negative factorials should be equated to zero. 
( ) ( )000,, 0, ; ,nlm nlmU r U rη η≡G G lnandfornl +><= σσγ σ 00)(
 We notice that the expression for two-center basic Yukawa potential function, Eq. (3.27), 
could be obtained by the use of formula for two-center overlap integrals of STOs (see Sec. 5). 
The formulae for the symmetrical one-range addition theorems of Coulomb-Yukawa like 
CIPs have been derived in Ref. [33]: 
( )
max
max
3/ 2 1 1 1
*
21 , 22
1 0 1 0
1
2( , ) lim 1 ( , ; , ) ( , )
(2 )
( , ),
N n l N N u
v u s
nlm u sN N n l m l u sN N
nlm
f r B
r
′− + − + −
+ → = = =− = = =−′ ′→
N N r⎡ ⎤′= −⎢ ⎥⎣ ⎦
×
∑∑∑ ∑ ∑∑G G
G
α υ α υ
µνσ µνσ υµ
υ υ
ξ ξη
χ η
η χ η
(3.30)    
where 1,0, 1, 2,...α = − −  and  
1/ 2
, , 1/ 2
1 1 1
1
4 (( , ; , ) ( )
2 1 {[2( )]!}
2( ) .
N N N
u s l u s
nlm nn n lm
n l
B N N N g
N
α υ α α υ
µνσ µ νσ α
µ ν µ ν
µ µ α
αν
µ µ
π µξ η ν µ
η
ξ η
′ ′
′ ′ ′−
′ ′ ′′= + = + = +
′′+ − +
′ ′′
′′+ −⎛ ⎞′ = Ω⎜ ⎟ ′′+ −⎝ ⎠
⎛ ⎞′×Ω ⎜ ⎟+⎝ ⎠
∑ ∑ ∑ )!µ αα
         (3.31) 
  In the case of symmetrical addition theorems for Coulomb like CIPs ( 0ξ = ) the 
coefficient uvsBα  does not depend on the parameter η , i.e., , ,( , ;0, ) ( , )u s u snlm nlmB N N B N Nα υ α υµνσ µνση′ ′= . 
We notice that in our published papers, the series expansion formulae were also derived 
for the derivatives of unsymmetrical and symmetrical one-range addition theorems of 
ETOsαΨ − , STOs and Coulomb-Yukawa like CIPs. These derivatives can be useful 
especially in the study of electric field and its gradient created by the electrons within the 
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molecule. Weniger, however, claims that “Guseinov did not derive completely symmetrical 
one-range addition theorems” [3, p.16]. This statement of Weniger is completely 
unacceptable. He had failed to understand our theory behind unsymmetrical one-range 
addition theorems.       
 
4. Use of One-Range Addition Theorems for Coulomb Potential in 
Evaluation of   Multicenter Integrals of HFR Equations 
 The series expansion formulae obtained in Section 3 for the unsymmetrical and 
symmetrical one-range addition theorems of STOs and Coulomb-Yukawa like CIPs can be 
used in the derivation of relations for the multicenter integrals of an arbitrary t-electron 
operator that arises in calculations of atoms and molecules with  electrons, where 
. As an example of application, we calculate in this Section, the multicenter 
integrals of integer and noninteger n STOs appearing in the HFR equations. 
N
2 t N≤ ≤
4.1. Multicenter integrals of integer n STOs 
       The multicenter integrals over integer  STOs examined in this work have the following 
form: 
n
One-electron multicenter integrals 
1 11 1
, *
1 1 1 1 1 1 1
1
1( , ) ( , ) ( , ) ,ab c p a p bp p
c
J r
r
ζ ζ χ ζ χ ζ′′ ′ ′= ∫ r dvG G                                                                          (4.1)  
Two-electron multicenter integrals 
1 1 2 21 1 2 2
, *
1 1 2 2 1 1 1 1 2 2 2 2 1 2,
21
1( , , , ) ( , ) ( , ) ( , ) ( , ) ,ab cd p a p b p c p dp p p pJ r r rr
ζ ζ ζ ζ χ ζ χ ζ χ ζ χ ζ′ ′′ ′ ′ ′ ′ ′= ∫ ∫ G G G Gr dv dv             (4.2) 
where 1 1 1 1p n l m≡ 1 1 1, 1p n l m′ ′ ′ ′≡ 2 2 2 2p n l m≡ 2,  and 2 2 2p n l m′ ′ ′ ′≡ . Here the 1( , )p grχ ζ G denotes that 
the STO is located at a center g, where , , , .g a b c d=   
     In order to evaluate the one- and two-electron multicenter integrals, Eqs. (4.1) and (4.2), 
we use the relation (3.22) for the unsymmetrical one-range addition theorems of Coulomb 
potential in the following form: 
max
1
*
2
1 0 121
1 4 [ ( 1) ( ) ( , )]lim
N n l N
l l
nn n lm nlm
N N n l m l n l
N U r r
r
−
′ ′−
→ ′= = =− = +
= − Ω∑∑∑ ∑ 1( , ),G Gα απ η χ η                                        (4.3) 
where 1,0, 1, 2...α = − −  Then, we obtain: 
1 11 1
max
1
, *
1 1 1 1
1 0 1
( , , ) 4 ( 1) ( , , ) ( ) ( , )lim
N n l N
ab c l abb l
p p p nn p bcp p
N N n l m l n l
J S
−
′ ′′ → ′= = =− = +
′ ′= − Ω∑∑∑ ∑ Gαζ ζ η π ζ ζ η ηN U R′                 (4.4) 
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1 1 2 21 1 2 2
max
1
, ,
1 1 2 2 1 1 , 2 2,
1 0 1
( , , , , ) ( 1) ( , , ) ( ) ( , , ),lim
N n l N
ab cd l abc l c cd
p p p nn p p pp p p p
N N n l m l n l
J S
−
′ ′ ′ ′′ ′ → ′= = =− = +
′ ′ ′ ′= − Ω∑∑∑ ∑ α N Uζ ζ ζ ζ η ζ ζ η η ζ ζ   (4.5) 
where ,p nlm≡ p n lmα′ ′≡ −  and  
1
1/ 2 1
0
2 ( 1)!( , ) (1 ( )( ) ) ( , )
(2 1){[2( )]!(2 )} ( )
bc
n n l
R l
p bc bc lm bc bcl
bc
n lU R e n R S
l n R
α αη σ
σ
σ
αη γ α η θ ϕα η η
′− + ′− +−
′ +
=
′ − + + ′= − −′+ − ∑
G
  (4.6) 
1 1 1 1
*
1 1 1 1 1 1 1 1( , , ) 4 ( , ) ( , ) ( , )
abc
p p p p a p b p cS r rζ ζ η π χ ζ χ ζ χ η′ ′′ ′= r dv∫ G G G                                                     (4.7) 
2 2 2 2
, * *
, 2 2 2 2 2 2 2( , , ) 4 ( , ) ( , ) ( , )
c cd
p p p p c p c p dU U r rη ζ ζ π η χ ζ χ ζ′ ′ ′ ′′ = ∫ G G G 2r dv′
2
                                             (4.8) 
       The relationship for two- and three-center overlap integrals of three STOs occurring in 
Eqs. (4.4) and (4.5), respectively, are presented in Refs. [48] and [49]. 
       Taking into account Eq. (4.6) in (4.8) for  and ,b c c→ → 2bc cR r=
G G  we obtain for the 
two-center functions the following relation:  
2 2
,
,
c cd
p p pU ′ ′
22 2 2
2 2 2
2 2 2 2
2 2 2, 1/ 2
, 2 2 2 21/ 2 1
( 1 ), 2 2 2 ( 1 ),
2 2 2
( , )2 ( 1)!( , , ) (2 1) ( , )
(2 1){[2( )]!(2 )}
( ; , ) ( )
( , )
n
L mn n mc cd
p p p mml
La
q l
l n n a a l n n
q
q
N p p tn lU L C lm l m
l n p
G p p p t n p Q
g L l
α
σ
α β σ σ α
αβ
αβ
αη ζ ζ α η
γ α
λ λ
′− ′′ ′
′ ′ +
′ ′− + + − − − + + −
′ − + +′ = +′+ −
′− −
′ ′ ′×
∑
∑
A
2
2 2 2 2
2
1
2 2 2 21 , 1 ,
0
( , ) 1 0
,
( , ) ( ) ( , ) 1 0
n l
q
l n
n l
q l q
al n n l n n
p pt for l n
Q p p t n p Q p pt for l n
α
β
σ α
α σ
σα β σ α β
σ
α
γ α α
′− +
−
= + + −
′− +
′ ′+ + − − + + + − −
=
⎧ + + − >⎪⎪⎨⎪ ′− − + + −⎪⎩
∑
∑ ≤
  (4.9) 
 where 2 2mλ′ ′= , 2ap Rcd
η= ,  2 2 2( )2
cdRp ζ ζ ′= + 2 2 2 2( )2
cdRp t ζ ζ ′= −, , 2ap p p= + , 
2 2apt p p t= +  and  
2 2
2 2
1/ 2 1/ 2
2 2 2 2 2 2
2 2 2 1/ 2
2 2
( ) ( )( , )
[(2 )!(2 )!]
n n
n n
p p t p p tN p p t
n n
′+ +
′
+ −= ′                                                                 (4.10) 
1
1 1
( , ) ( ) ( ) ( )q q N N pNNQ p pt e d d
µ νptµν µ ν µ ν µ ν
∞
′ − −
′
−
= + −∫ ∫                                                       (4.11) 
1 1
( )
01 1
[ ( )]( ) ( )( ; , ) (1 )
( ) !
a
q N N
pq p pta
NN a N
pG p p pt e e d d
σ
µ ν µ ν
σ
µ νµν µ ν µ νµ ν σ
∞ ′ −− + − −
′−
=−
+−= −+ ∑∫ ∫                (4.12) 
The analytical and recurrence relations for auxiliary functions qNNQ ′ and 
q
NNG ′−  are presented in 
previous paper [50].  
      Carrying through calculations for the one-center functions 
2 2
,
,
c cc
p p pU ′ ′  analagous to those for 
the two-center case, we obtain the following formula: 
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2 2 2 2 2 2
2 2 2 2
2 2
,
, 2 2 2 2 2 2 21/ 2 1
2
2 2
( 1 ) 2 2 2 2( )
1 2
2 ( 1)!( , , ) (1, ) ( , )
{(2 1)[2( )]!(2 )}
[ ( 1 )]!( ) ( ) 1 0
( 1)
n
l mc cc m
p p p n n m ml
l
l n n l n n
l n n
n lU N t C l m l m A
l n k
l n nF k n k for l n n
k
α
σ
σ σ
σ
αη ζ ζ α η
σγ α
′−
′ ′ ′ ′+
′
′− + − − ′− − −
′= + − −
′ − + +′ ′= ′+ −
′− + − −′ ′− − + − −+×
′
>
2 2
2 2
2 2 2 2 21 1
0 2
,
( 1 )!
1 ! ( ) 1
( 1)
n l
n l
l
l n n
l n n
l n n n k for l n n
k
α
α σ
σ σσ
σγ α
− +
′− +
′+ + − − +
=
⎧⎪⎪⎨ ′+ + − −⎪ ′ ′ ′+ − − − − + − − ≤⎪ +⎩
∑
∑ 0
                 (4.13) 
where 2
2 2
k ηζ ζ= ′+  and 
1
00
1 1
1
1 ( )( ) (1 )
!
( 1) ( )[ln( 1) ].
( 1)!
N
kx x
N N
N N
i
kxF k e e dx
x
kk
N i
σ
σ σ
∞ −− −
−
=
− −
=
= −
− −= + +−
∑∫
∑ i
                                                                              (4.14) 
For the small values of k, the function  can be calculated by the use of series 
expansion relation 
( )NF k−
0
( 1)( ) .
( 1)!( )
N
N
kF k
N N
σ σ
σ σ
+∞
−
=
−= − +∑                                                                                               (4.15)  
For the derivation of Eq. (6.15) we have taken into account the following formula [49]: 
1
0 0
1 (1 ) .
! ( 1)! !(
N
x
N
x xe
x N
σ σ
σ σ
( )
)Nσ σ σ
− ∞−
= =
−− = − +∑ ∑                                                                          (4.16) 
       From Eqs. (4.4) and (4.5), it can be seen that the three-center nuclear attraction and four-
center electron-repulsion integrals of HFR equations are expressed through the two- and 
three-center overlap integrals of three STOs, respectively, for which the analytical formulas 
have been established in our previous works [48, 49]. The auxiliary functions qNNQ ′ and 
q
NNG ′−  
occurring in Eq. (4.9) for the two-center functions 
2 2
,
,
c cd
p p pU ′ ′ , therefore, arising in the case of 
four-center electron-repulsion integrals have been studied in recently published paper [50]. It 
should be noted that all the one-, two- and three-center multicenter integras appearing in HFR 
equations can also be calculated from the formulas (4.4) and (4.5). For this purpose we must 
calculate one- and two-center overlap integrals of three STOs and use Eqs. (4.9), (4.13), 
(4.14) and (4.15).   
        The convergence properties of the series expansion relation for three-center nuclear 
attraction integral obtained by the use of unsymmetrical one-range 
addition theorems of the Coulomb potential for 
,
211,211(3.8,4.6,4.6)
ab cJ
1α = − are shown in tables 4.1, 4.2 and 4.3. 
These tables list the partial summations in Eq. (4.4) corresponding to progressively increasing 
upper summations limits denoted by , N L  and M . As can be seen from tables 4.1 and 4.2, 
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the Eq. (4.4) displays the most rapid convergence to the numerical results with twelve digits 
stable as a function of summation limits L  and M . We see that the convergence of the series 
with respect to L  and M  is rapid; therefore, we can include only a few terms obtained from 
the summation over indices l  and .  Table 4.3 shows that the accuracy of computer 
calculations obtained in the present algorithm is satisfactory for 
m
15N = . Greater accuracy is 
attainable by the use of more terms in the expansion in Eq. (4.4).  
Carrying through calculations for the symmetrical case analogous to those for the 
unsymmetrical one-range addition theorems, we obtain for the multicenter integrals of HFR 
equations the following symmetrical formulas: 
1 1 1 1
max
max
1 1 1
,
1 1 1 12
1 0
N n
n l=
∑∑
1 0
4( , , ) ( , ) ( , ) ( , , )lim
l N N u v
ab c q abc
p p p q bc p p p
N N m l u v s v
N N
J B N N R S
′− + − + −
′ ′
→ = =− = = =−′ ′→
⎡ ⎤′ ′ ′= ⎢ ⎥⎣ ⎦∑ ∑ ∑∑
Gα απζ ζ η χ η ζ ζ ηη   (4.17) 
1 1 2 2
max
max
1 1 2 2
1 1 1
,
, 1 1 2 2
1 0 1 0
1 1 2 2
( , , , , ) ( 1) ( , )
( , , ) ( , , )
lim
N n l N N u v
ab cd v q
p p p p p
N N n l m l u v s v
N N
abc ccd
p p p qp p
J B N N
S S
′− + − + −
′ ′
→ = = =− = = =−′ ′→
′ ′
′ ′ = −
′ ′×
∑∑∑ ∑ ∑∑α αζ ζ ζ ζ η
ζ ζ η η ζ ζ
′
                                (4.18) 
where  and ,p nlm q uvs≡ ≡
0
00, 1/ 2
1 1 1
( )!( , ) ( ) ( )2
{[2( )]!}
N N N
q l uvs
p nn n lm
n l
B N N N g Nα α α αµ α µ µ
µ µ
µ α
µ α
′ ′ ′′ 1µ α− +
′ ′ ′ ′ ′′−
′ ′ ′′= + = =
′′ −′ ′= Ω Ω′′ −∑ ∑ ∑                       (4.19) 
The quantities and occurring in Eqs. ( 4.17) and (4.18) are the multicenter overlap 
integrals of three STOs. We see from Eq. (4.17) that the multicenter one-electron integrals are 
expressed through the products of STOs and multicenter overlap integrals. The two-electron 
multicenter integrals, Eq. (4.18), are the function of the products of multicenter overlap 
integrals.  
abcS ccdS
Thus, for the calculation of multicenter integrals of HFR equations obtained by the use of 
symmetrical and unsymmetrical one-range addition theorems of Coulomb potential one can 
use the formulae for overlap integrals, and auxiliary functions and overlap integrals, 
respectively. 
4.2. Multicenter integrals of noniteger  STOs n
      The multicenter integrals over noninteger n STOs arising in HFR equations are defined as 
One-electron multicenter integrals 
* ** *
1 11 1
, *
1 1 1 1 1 1 1
1
1( , ) ( , ) ( , ) ,ab c a bp pp p
c
J r
r
ζ ζ χ ζ χ ζ′ ′′ ′= ∫ G Gr dv                                                                     (4.20) 
Two-electron multicenter integrals 
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* * * ** * * *
1 1 2 21 1 2 2
, *
1 1 2 2 1 1 1 1 2 2 2 2 1 2,
21
1( , , , ) ( , ) ( , ) ( , ) ( , ) ,ab cd a b c dp p p pp p p pJ r r rr
ζ ζ ζ ζ χ ζ χ ζ χ ζ χ ζ′ ′ ′ ′′ ′ ′ ′= ∫ ∫ r dv dvG G G G      (4.21) 
where , , , * *1 1 1 1p n l m≡ * *1 1 1p n l m′ ′ ′≡ * *2 2 2p n l m≡ * *2 2 2 2p n l m1′ 2 ′ ′ ′ ′≡  and  
* *
*
1/ 2 * 1/ 2 1( , ) (2 ) [ (2 1)] ( , ).n n r lmn lm r n r e S
ζχ ζ ζ θ+ − − −= Γ +G ϕ                                                       (4.22) 
Here, ( )xΓ is the gamma function [51]. The normalized integer  STOs, Eq. (2.13), can be 
obtained from Eq. (4.22) for , where n is an integer. 
n
*n = n
     Taking into account Eqs. (3.22) and (4.3) for the one-range addition theorems of Coulomb 
potential in Eqs. (4.20) and (4.21) we obtain for the one- and two-electron multicenter 
integrals of noninteger n STOs the following relations: 
* * ** 1 11 1
max
1
, *
1 1 1 1
1 0 1
( , , ) 4 ( 1) ( , , ) ( ) ( , )lim
N n l N
ab c l abb l
nn p bcp p pp p N N n l m l n l
J S
−
′ ′′′ → ′= = =− = +
′ ′= − Ω∑∑∑ ∑ Gαζ ζ η π ζ ζ η ηN U R
N U
           (4.23) 
* * * ** * * *
1 1 2 21 1 2 2
max
1
, ,
1 1 2 2 1 1 2 2,,
1 0 1
( , , , , ) ( 1) ( , , ) ( ) ( , , ),lim
N n l N
ab cd l abc l c cd
nnp p p p p pp p p p
N N n l m l n l
J S
−
′′ ′ ′ ′′ → ′= = =− = +
′ ′ ′ ′= − Ω∑∑∑ ∑ αζ ζ ζ ζ η ζ ζ η η ζ ζ            
(4.24) 
where  is determined by Eq. (4.6) and   ( , )p bU Rη′
G
c
* * * *
1 1 1 1
*
1 1 1 1 1 1 1 1( , , ) 4 ( , ) ( , ) ( , )
abc
a b p cp p p p p
S r rζ ζ η π χ ζ χ ζ χ η′ ′′ ′= ∫ G G Gr dv                                                (4.25) 
* * * *
2 2 2 2
, * *
2 2 2 2 2 2 2 2,
( , , ) 4 ( , ) ( , ) ( , )c cd p c c dp p p p pU U r rη ζ ζ π η χ ζ χ ζ′′ ′ ′′ = ∫ G G Gr dv′ .                                       (4.26) 
     With the calculation of these integrals we use the one-center expansion formula for 
noninteger n STOs in terms of integer n STOs established with the aid of complete 
orthonormal sets of ETOsαψ −  [52]: 
* *
max
,
1
( , ) ( , ),lim
N
N
nlmn lm n l nl
N N n l
r V
→ = +
= ∑G αχ ζ χ ζ rG                                                                                 (4.27) 
where 1,0, 1, 2,...α = − −  and 
*
*
*,
1
( 1)( )
[ (2 1) (2 2 1)]
N
N l
nnn l nl
n l
n nV N
n n
α α α
α′′= +
′Γ + − += Ω ′Γ + Γ − +∑ 1/ 2
*
                                                             (4.28) 
We notice that in the case of integer values of the coefficient are reduced to the 
Kronecker symbol, i.e 
*n * ,
N
n l nl
V α
* *,
N
n l nl nn Nn
V α δ δ=                                                                                                                     (4.29) 
     Now we take into account the one-center expansion relation (4.27) in Eqs. (4.25) and 
(4.26). Then, we obtain the following expressions through the integer n integrals: 
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1 1
1 1
* * * * 1 11 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1max
1 1max
1 1 1 1, ,
1 1
( , , ) ( , , )lim
N N
N Nabc abc
p p pp p p n l n l n l n l
N N n l n l
N N
S V V
′
′
′′ ′→ ′ ′= + = +
′ ′→
′ ′= ∑ ∑ α α S′ ′ ′ζ ζ η ζ ζ η                                            (4.30) 
2 2
2 2
* * * * 2 22 2 2 2 2 2 2 2 2 2
2 2 2 2 2 2max
2 2max
, ,
2 2 , 2 2, , ,
1 1
( , , ) ( , , )lim
N N
N Nc cd c cd
p p pp p p n l n l n l n l
N N n l n l
N N
U V V
′
′
′ ′′ ′ ′ ′ ′ ′→ ′ ′= + = +
′ ′→
′ ′= ∑ ∑ α α Uη ζ ζ η ζ ζ                                 (4.31) 
     As can be seen from the formulas of this section obtained by the use of one-range addition 
theorems of Coulomb potential, the evaluation of one- and two-electron multicenter integrals 
over integer and noninteger n STOs is reduced to the calculation of integer n integrals 
, , ,  and . In order to calculate the three-center overlap integrals we 
should use the one-range addition theorems for STOs. 
aaaS abbS abcS ,c cdU ,c ccU abcS
       Thus, all of the integer and noninteger multicenter integrals arising in HFR equations are 
evaluated by the use of one-range addition theorems for the Coulomb potential and Slater 
orbitals. It should be noted that the one-range addition theorems for the STOs and Coulomb 
potential are the special classes of one-range addition theorems obtained by the use of 
ETOsαψ −  which belong to the corresponding Hilbert spaces. 
        Weniger is very sceptical about all addition theorems for Slater type functions with 
nonintegral principal quantum number [3, p.28]. This claim can be rejected with the help of 
calculation of multicenter integrals over noninteger n STOs for different values of indices α . 
The results of calculation for three-center nuclear attraction integrals over noninteger n STOs, 
Eq. (4.23), for various values of parameters are presented in Table 4.4. As can be seen from 
this table that the accuracy of computer results for 0α =  and 1α = −  are satisfactory. 
 
5. Two-Center Overlap Integrals  
      Overlap integrals over integer and noninteger n STOs arise not only in the HFR equations 
for molecules, but are also central to the calculation of arbitrary multicenter multielectron 
integrals based on the series expansion formulas obtained by the use of unsymmetrical and 
symmetrical one-range addition theorems for STOs and correlated interaction potentials 
which necessitate to accurately calculate the overlap integrals especially for the large quantum 
numbers.  
5.1. Overlap Integrals of Integer n  STOs 
      The two-center overlap integrals over integer  STOs with respect to lined-up coordinate 
systems are defined as 
n
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( ) ( ) ( )*, , , ,nl n l nlm a n l m bS p t r rλ λ χ ζ χ ζ′ ′ ′ ′ ′= ∫ G G dV ,                                                                         (5.1) 
where 0 , , ( ), ( ) /(
2
Rl m p t )λ λ ζ ζ ζ ζ ζ ζ′ ′ ′≤ ≤ = ± = + = − +   and ab a bR R r r≡ = −
G G G G . 
We calculate the overlap integrals over integer  STOs using the analytical approach 
containing well-known auxiliary functions  and 
n
kA kB  and the recurrence relations for the 
basic overlap integrals presented in our previous works [53] and [54, 55], respectively. These 
expressions are especially useful for computation of overlap integrals on the computer for 
high quantum numbers, internuclear distances and orbital exponents or vice versa. 
 In this section, the differences and similarities in organization of existing overlap integral 
programs are discussed, and a new strategy is developed. This method is computationally 
simple and numerically well behaved. On the basis of formulas obtained in papers [53-55] we 
constructed a program for computation of the overlap integrals over integer n STOs using 
Mathematica 5.0 international mathematical software and Turbo Pascal language packages. 
The numerical results demonstrate that the computational accuracy of the established 
formulas is not only dependent on the efficiency of formulas, but also strongly dependent on 
the used program language packages. Excellent agreement with benchmark results and 
stability of the technique are demonstrated. Since the overlap integrals over integer n STOs 
are of considerable importance in the evaluation of arbitrary multicenter integrals by the use 
of one-range addition theorems, for STOs and potential, it is hoped that the present work will 
prove useful in tackling more complicated molecular integrals appearing in the determination 
of various properties for molecules when the HFR approximation is employed. 
A. Analytical Relations in Terms of Auxiliary Functions  
        In Ref. [53], using the auxiliary function method for the overlap integrals have been 
established the following formula: 
( ) (2) (2) 0,
0
1
0
, ( ) ( , ) ( ,
( , ) ( ) ( ) ,
l l
nl n l nn q
q
n n
n n
m n n m q m q
m
S p t N t g l l F
F n n A p B pt
α β
λ λ αβ
α λ β λ
α β
α β
)λ λ α λ β
α β
+′
′ ′ ′
=− = =
′+ − − ′+ +
′+ − − − + +
=
′= +
′× − −
∑ ∑ ∑
∑
λ−
                                      (5.2) 
where  and nA nB  are the auxiliary functions defined by [56] 
1
01
!( )
!
p sn
n p
n n
s
n e pA p e d
p s
µµ µ
∞ −
−
+
=
= = ∑∫                                (5.3) 
1
1
1
( ) ( 1) ( ) ( )n pt nn n nB pt e d A pt A pt
νν ν− +
−
= = − − −∫                                                                   (5.4) 
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and 
1
( 1)
( ) ( ) ! 1
( 1)!
sk
k k p
n n
s k n
pA p p A p n e for k n
s k n
−−
= − +
= = ≥− + +∑ +                                        (5.5) 
In our previous paper [57], the new analytical relations have been suggested for the fast 
evaluation of auxiliary functions  andnA nB . 
      The coefficients  and( )nnN t′ ( , )mF N N ′ occurring in Eq.(5.2) are determined by 
1/ 2 1/ 2[(1 )] [(1 )]( )
(2 )!(2 )!
n n
nn
t tN t
n n
′+ +
′
+ −= ′                                                                                          (5.6) 
 
min( , )
1[( ) )
2
( , ) ( 1) ( ) ( )
m N
m m
m n m n
F N N F N F Nσ σ σ
σ
′
−
= − + −
′ = −∑ ′ ,      (5.7) 
where  are the binomial coefficients. It should be noted that, Eq. (5.7) 
for the generalized binomial coefficients with different notation 
( ) !/[ !( )!]mF n n m n m= −
NN
mD
′  firstly has been 
presented by N. Rosen in Ref. [58].   
       The quantities 0 ( , )g l lαβ λ λ′  in Eq.(5.2) are the expansion coefficients for a product of two 
normalized Legendre functions in elliptic coordinates. The relationship for these coefficients 
in terms of factorials was given in [59]. In Ref.[60], these coefficients were expressed in 
terms of binomial coefficients: 
λ
β
λ λ
λααβ λλλ l
i
l
ii
i DDFllg ′
=
−+ ⎥⎦
⎤⎢⎣
⎡ −=′ ∑
0
22
0 )()1(),( ,                                                                          (5.8) 
where 
)()(
)(
)(
2
12
2
)1(
2/)(
2/12/)(
βλ λββ
λ
β
λ
β +⎥⎦
⎤⎢⎣
⎡ ++−= −−
−
lFlF
lF
lFlD l
l
l
l
l .                                               (5.9) 
B. Use of Recurrence Relations for Basic Overlap Integrals 
      In Ref. [55], using the expansion formula for product of two spherical harmonics both 
with the same center [59], the overlap integrals, Eq.(5.1), were expressed through the basic 
overlap integrals:  
( ) ( )[ ]( )[ ]
( )( ) ( ) ( ) ( )
( )( ) ( )
2
1
2!212
22!212
12
12,
22
2
, ⎥⎦
⎤⎢⎣
⎡
+′′
−+′′+′′′+
−
+=
−
−′′+′′′
=′′
′′′′ ∑ nFll lFlFlnFlltp
tptpS
ln
lln
l
l
l
l
lnnl
λλ λλ
λ
λλ  
 ( ) ( ),,,12 0,00∑ ′′+′−′′′+×
L
Llnln
L tpSllCL λλ                 (5.10) 
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where ( , )LC l lλ λ′ ′′  are the Gaunt coefficients. The basic overlap integrals  
appearing in Eq.(5.10) are determined by the following recurrence  relationships: 
0,00, lnnlnn SS ′′′′ ≡
( ) ( )( ) ( )
( )( )
( ) ( )
1
2
1
2, 1 , 1 1 , 1
2 1 2 21
, ,
4 12 1 2
n nl l n n l n n l
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S p t a S p t S p t
p tn n
′ ′ ′ ′ ′ ′ ′− − −
⎧ ′ ′⎡ ⎤+ +−⎪ ⎣ ⎦=− +⎨ −′ ′⎡ ⎤−⎪⎣ ⎦⎩
1 ,+ −  
          
( )
( )
( )( )( )( )
( ) ( ) (
1
2
2, 1 1 1 , 22
1 2 1 2 2 2 3 2
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2 14 1
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′ ′ ′ ′ ′+ − − − −
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)p t ,  (5.11) 
where  11 1, ,1 ,1 <<−≥′+′≥′≥ tllnn  and the coefficients  and  are determined by la lb
[ ]1/ 21 (2 1)(2 3)
1l
a l l
l
= + ++  ,  
1/ 22 3
1 2 1l
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      The recurrence relations (5.11) allow us to express  in terms of the integrals 
 for the calculation of which one can use the following recurrence relations: 
lnnS ′′,
00,00, nnnn SS ′′ ≡
for   and  0,0 ≥′≥ nn 0≠t
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for   and  nn ′≤≤1 0=t
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Here, 
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       With the aid of recurrence relations (5.11), (5.13), (5.14) and (5.15) the basic overlap 
integrals  can be expressed in terms of the functions ( tpS lnn ,, ′′ ) ( )tpS ,00  and  for the 
calculation of which we can use the following analytical formulas: 
( 0,00 pS )
 
( ) ( ){ )1()1(0000 ,1, tptp eetpttpS +−−− −= η }                                 (5.17) 
( ) .0,00 pepS −=                                          (5.18) 
        By the use of calculations we can answer to the following Weniger’s comment: 
“Moreover, Guseinov should know that an observed agreement of different floating point 
computations up to a certain number of digits does not necessarily prove anything (see for 
example [61]) ” [3, p.23]. On the basis of Eqs.(5.2) and (5.10), obtained in our papers [53-
55], we constructed the programs which were performed in the Mathematica 5.0 international 
mathematical software and Turbo Pascal 7.0 language packages. The computational results of 
overlap integrals by the use of Turbo Pascal 7.0 language package program have been 
examined in our published papers [53-55]. The Barnett’s data [61] and results of our 
calculation using Mathematica 5.0 international mathematical software and Turbo Pascal 7.0 
language packages for various values of parameters are represented in Table 5.1. Barnett’s 
data are reproduced by using our scheme with Mathematica while we get different results 
using the same scheme with Turbo Pascal. Thus, in this paper we show that the discrepancies 
can be arisen in the case of different programming environments. We note that, the difference 
between the numerical results of Eqs.(5.2) and (5.10) arise only after forty fifth digits. It 
should be noted that for the comparison of the accuracy of computer results obtained from the 
formulas of overlap integrals, one should use the same program language packages. 
       It is well known from the expert of this field that the problems occur in the evaluation of 
overlap integrals are as follow: small internuclear distances and small orbital exponents, and 
high internuclear distances and high orbital exponents. The results of calculation in these 
cases are given in Table 5.2. As is clear from our tests that the recurrence and analytical 
formulas presented in this study are useful tool for exact evaluation of the overlap integrals 
with arbitrary values of quantum numbers, internuclear distances and orbital parameters. 
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Thus, our program calculates the overlap integrals over STOs with arbitrary quantum 
numbers ( , , , , )n l n l λ′ ′ and variables (p,t). 
5.2. Overlap Integrals of Noninteger  STOs  n
      The overlap integrals over noninteger  STOs are defined as  n
      .                          (5.19) 
With the calculation of these integrals we use Eq. (4.27) in (5.19). Then, we obtain the series 
expansion relation in terms of overlap integrals with integer  STOs: 
( ) ( ) ( )* *, , ; , ,a bn lm n l m n lm n l mS R rζ ζ χ ζ χ ζ∗ ∗ ∗′ ′ ′ ′′ = ∫G G Gr dV′
)p t
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1 1
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where ( ),
2
Rp t ζ ζζ ζ ζ ζ
′−′= + = ′+ ,   ( ) ( )* *, ,, ,n lm n l m n lm n l mS p t S ζ ζ∗ ∗′ ′ ′ ′ ′≡ ; R
);
 
 .         ( ) (, ,, ,nlm n l m nlm n l mand S p t S Rζ ζ′ ′ ′ ′ ′≡
      For the calculation of overlap integrals over integer n  STOs, we can use the analytical 
formulas and sets of recurrence relations presented in sections (5.1A) and (5.1B). This 
algorithm is especially useful for the computation of overlap integrals for large quantum 
numbers of integer n  STOs appearing in the series expansion formulas for the multicenter 
molecular integrals obtained by the use of one-range addition theorems.  The overlap integrals 
with noninteger  STOs, Eqs. (5.20), can be calculated by the use of our computer programs 
for the overlap integrals over integer  STOs . 
n
n
     Thus, we proposed a new technique for the efficient computation of overlap integrals with 
noninteger   STOs, based on the usage of complete orthonormal sets of -ETOs. An 
analysis of the numerical aspects and several numerical tests confirmed that the convergence 
and the numerical stability of the relevant formulas are guaranteed. Besides having an 
excellent convergence rate, the proposed method is perfectly general, valid for arbitrary 
values of quantum numbers, screening constants and internuclear distances. On the basis of 
formulae (5.20) we constructed a program for the computation of overlap integrals over 
noninteger n STOs using Turbo Pascal 7.0 language and Mathematica 5.0 international 
mathematical software. One can determine the accuracy of computer results obtained in this 
work for the overlap integrals over noninteger n STOs using different sets of -ETOs. The 
examples of computer calculation are shown in Table 5.3. As can be seen from Table 4 that 
the calculated values of overlap integrals over noninteger n  STOs for 
∗n αΨ
αΨ
1,0, 1α = −  show a 
good rate of convergence with the literature for the arbitrary values of parameters. Greater 
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accuracy is attainable by the use of more terms in the series expansion formula (5.20). The 
better accuracies can be obtained, if required, by the use of large number of summation terms.  
      Table 5.4 lists the partial summations corresponding to progressively increasing upper 
summation limits of Eq. (5.20) for N N ′= . We see from this table that the Eq. (5.20) displays 
the most rapid convergence to the numerical results with eleven digits stable and correct by the 
17th terms in the infinite summations.  
       Weniger claims that “the rate of convergence of the expansion of a given function in 
terms of Guseinov’s functions   may depend quite strongly on the choice of αΨ α   ” [3, p. 
10]. The answer to this comment can be obtained by the use of calculations. The 
computational results in the case of overlap integrals over noninteger n  STO for various 
values of indices α   are given in table 5.5. As seen from this table, the formulas proposed for 
the three-center nuclear attraction integrals over STOs can be used in the sets if different 
values of α .  
 
6. Rebuttal to “Reply to “Extended Rejoinder to “Comment on “One-
Range Addition Theorems for Coulomb Interaction Potential and Its 
Derivatives” by I. I. Guseinov (Chem. Phys., Vol. 309 (2005), pp. 209-213)”, 
arXiv:  0706.0975v2”, arXiv: 0707.3361v1”   
        Weniger has recently published in arXiv.org a paper (see Ref. [4]) of which the content 
is almost the same as another paper (see Ref. [3]). In this paper, we have demonstrated that 
the all Weniger's claims in Ref.[3] are mathematically and computationally wrong. 
Unfortunately, the incorrect quotations were also reported in the sections of the Ref.[4]. It is 
easy to see from Refs.[3,4] that the Weniger’s claims are personal, not scientific. This aspect 
has prevented Weniger from understanding the reality of our papers. Therefore, I will not 
spend any time to reply Weniger if he carries on his wrong claims. I think that the respectable 
scientists will evaluate the Weniger's inconsistent claims about our papers using my 
Combined Extended Rejoinder. It should be noted that all of the comments by Weniger have 
been constructed from the wrong use of our starting point Eq. (3.11).   
      In Refs. [3] and [4], Weniger claims that “Guseinov’s derivation of his one-range 
addition theorems for the Coulomb potential [5] is very questionable”; “Guseinov disagreed 
in his Rejoinder [44, p.7] with my conclusion, and claimed instead that validity of his 
approach follows from Eq.(3.11) of his Rejoinder.”[4, p.7]; “I do not question the validity of 
Guseinov’s Eq. (3.11), but I very much disagree with Guseinov’s conclusion that his Eq. 
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(3.11) proves the validity of his rearrangements.”[4, p.21]; “There is the practical problem 
that one-range additions theorems for exponentially decaying functions are fairly complicated 
mathematical object. Accordingly, explicit proofs of their convergence or divergence are very 
difficult and would most likely require a considerable amount of time and effort.”[4, p.7]; “I 
am skeptical about the feasibility of Guseinov’s approach based on the exclusive use of 
unsymmetrical addition theorems”[3, p.17]; “I am, however, very skeptical about all addition 
theorems for Slater-type functions , ( , )
M
N L r rχ β ′±G G  with nonintegral principal quantum number 
\ ”[3, p.29]. N ∈\ N
 As is seen from these claims, Weniger has not gone any further in his comments beyond 
suspicions and nothing about mathematically proving incorrectness of our one-range addition 
theorems published in Chemical Physics and other journals. These claims are completely 
disastrous for Weniger. We note that the Eqs.(3.10) and (3.11) in Section 3.2 are the starting 
point of derivation of one-range addition theorems and their derivatives for -ETOs , 
STOs,  and Coulomb-Yukawa like CIPs which were published in 1978-2006 years. 
Unfortunately, Weniger could not see these realities. Therefore, he has these inconsistent 
claims. 
αΨ
     Another Weniger’s claims about Eq. (3.11) are the following: “This step is potentially 
disastrous. A rearrangement of the order of summations of a double series is not always 
legitimate and can easily lead to a divergent result” [3, p.18]; ”Accordingly, Guseinov’s 
manipulations, which produced the rearranged addition theorem (3.12) from (3.10), are 
dangerous” [3. pp.32, 33].  
The answers to these comments were given in our published papers. So, the closed analytical 
identity (3.11) for  is mathematically completely legitimate approach that leads to one-
range addition theorems of the type of (3.12) given in this paper. By numerical computations, 
we additionally have shown in this paper that the expressions proposed in our papers can 
serve even as a good approximation for the one-range addition theorems in practical 
applications. 
N < ∞
      It should be noted that the starting point of Weniger’s claims is Eq. (6.8) in Ref [3] 
obtained for . This equation is not mathematically legimate and, therefore, is wrong. 
This wrong step of Weniger is disastrous because he did not understand the exact starting 
point (Eq. (3.11)) of our papers of one-range addition theorems and their derivatives for 
N = ∞
ETOsαΨ − , STOs and Coulomb-Yukawa like CIPs.    
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       We want to comment on the sentence (see Ref.[4, p.1 and p.2]) “To clarify the situation, 
the most serious mathematical flaws in Guseinov’s treatment of one-range addition theorems 
are discussed in more depth”; “In this Reply to Guseinov’s Rejoinder [44], I discuss once 
and in more depth the most important mathematical flaws of Guseinov’s work. In contrast to 
my earlier and longer Comment [41], I concentrate entirely on fist-order errors.”.  
We again reject the declaration of Weniger, who apparently identifies his personal view of 
mathematical sciences with mathematics itself. From an academic point of view it seems that 
there is no reason to discuss these claims, since only personal wrong conceptions are reported 
in Ref.[4]. We show in this paper that these claims are wrong and the proposed expressions 
are correct. We, additionally, show by numerical computations that the expressions proposed 
by Guseinov for the one-range addition theorems are good approximations useful in 
applications.  
      Weniger in Ref.[4, p.28] about referees  indicates the following: “Unfortunately, I am not 
so optimistic. But it would be unfair to blame to exclusively Guseinov’s referees. Referreng 
Guseinov’s manuscripts is certainly not easy. It is Guseinov’s trademark to produces a large 
number of short and largely overlaping articles on essentially the same topic. This makes it 
very hard even for a very competent referee not to get lost in Guseinov’s flood of publications 
and to keep track of Guseinov’s fruly new results. Moreover, as I know from my own 
experience as a referee, there is always the temptation to be less critical in the case of a short 
manuscript than in the case of a (very) long manuscript. 
  In my opinion, part of the problem are short articles. While there can be no doubt that 
short articles are well suited to present new experimental or computational results, they are 
basically unsuited for predominantly theoretical or mathematical topics”. 
This idea of Weniger is also completely unjust and wrong. There are a number of competent 
scientists in this field. It is unfair for Weniger to ignore this fact and say that he himself could 
be the only very good referee. These scientists encouraged me profoundly to study on one-
range addition theorems. It should be noted that all of my articles are original and none of 
them are alike. Weniger is also wrong in this matter.  
      In pages 20, 25 and 30 of comment Ref.[3] Weniger indicates that “Multicenter integrals 
of exponentially decaying functions are notoriously complicated, and a nice explicit 
expression for a multicenter integral does not necessarily permit its efficient and reliable 
evaluation.”  
It would be better to ask Weniger why he has performed so many cumbersome studies in this 
subject even though he knows that the evaluations of molecular integrals of exponentialy 
 26
decaying functions are notoriously complicated. This shows that there is some kind of 
paradox. 
 
7. Summary and Conclusions 
       By the use of complete orthonormal sets of αΨ -ETOs the unsymmetrical and 
symmetrical one-range addition theorems were established in our published papers for STOs 
and Coulomb-Yukawa like CIPs. Using these theorems, the general formulas in terms of 
three-center overlap integrals were established for the multicenter t -electron integrals that 
arise in the solution of -electron atomic and molecular problem ( 2 ) when a 
correlated interaction potentials approximation in HFR theory is employed. With the help of 
expansion formulas for translation of STOs, the three-center overlap integrals are expressed 
through the two-center overlap integrals for the calculation of which the efficient computer 
programs especially useful for large quantum numbers are available in our group. Therefore, 
by using the computer programs for the overlap integrals one can calculate the multicenter 
multielectron integrals of STOs and Coulomb-Yukawa like CIPs appearing in the 
determination of atomic and molecular multielectron properties when the HFR and explicitly 
correlated approaches are employed.  
N t N≤ ≤
         It is well known that the series of electronic structure and electron-nuclei interaction 
properties of a molecule are very sensitive to the minor errors in the wave functions and their 
derivatives with respect to coordinates of the nuclei [45, 62]. These computational problems, 
which have to be overcome, depend strongly on the basis functions being used. Therefore, the 
STOs, which are able to describe correctly the asymptotic behavior of exact solutions of 
atomic and molecular Schrödinger equation both in the vicinity of the nuclei [6] and at large 
distances away from the nuclei [7, 8], nowadays play a negligible role in ab initio 
calculations. It should be noted that, if one tries to study, in particular, the electron-nuclei 
interactions in molecules with the help of Gaussian type orbitals, the slow convergence of 
which may lead to serious computational problems. The inherent limitations of Gaussian basis 
functions necessitate to use the one-range addition theorems for interaction potentials and 
orbitals for the calculation of matrix elements in the MO LCAO theory with STOs. In our 
published papers, the one-range addition theorems were also derived for derivatives of STOs 
and Coulomb-Yukawa like CIPs. These theorems can be used in HFR approximation and 
explicitly correlated methods, and also in the study of electric field and its gradient induced 
by electron at the nuclei of a molecule. 
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  It should be noted that the one-range addition theorems presented in our papers have 
been established with the help of complete orthonormal sets of αΨ -ETOs by utilizing a non-
standard generalized Laguerre polynomials defined by  
( ) ( 1) ! ( ) ( 1) ! ( )Lp p p pq q pL x q x q
α
−= − = − Lq p x− ,                                                                           (6.1) 
where 2 21( ) ( )L L
p l
q p n lx x
α+ −
− − −=  are the standard generalized Laguerre polynomials which are 
normally used in special function theory [63]. So, the similar formulas for the one-range 
addition theorems can also be derived using the following relation for complete orthonormal 
sets of -ETOs in standard convention: αΨ
1
3 2
2(2 ) ( )! ( )
(2 ) !
p
q-p l( ,r) e L ( , )
α l x
nlm m
q p x x S
n qα
ζζ θ ϕ−⎡ ⎤−Ψ = ⎢ ⎥⎣ ⎦
G .                                                          (6.2) 
The choice of reliable basis atomic orbitals is of prime importance in molecular quantum-
mechanical calculations since the quality of molecular properties depends on the nature of 
these orbitals. It is well known that noninteger  STOs provide a simple but more flexible 
basis for molecular calculations than integer  STOs [64]. The main problem for the use of 
noninteger  STOs basis in molecular calculations arises in the evaluation of the multicenter 
integrals. One of the most promising methods for the evaluation of multicenter molecular 
integrals with noninteger  STOs is the use of one-range addition theorems for noninteger n 
STOs (see Section 3.2). With the help of complete orthonormal sets of 
n
n
n
n
αΨ -ETOs the general 
formulas for the expansion of multicenter integrals of noninteger n  STOs through the 
multicenter integrals over integer  STOs have also been established in our published papers 
(see Section 4.2.). These relations are useful for the computation of multicenter molecular 
integrals appearing in the determination of various properties of molecules when noninteger 
 STOs basis is used in the HFR approximation.  
n
n
We notice that the origin of the one-range addition theorems and their derivatives for 
STOs and Coulomb-Yukawa like CIPs with integer and noninteger indices, and -ETOs is 
the Eq. (3.11) the main idea of which was suggested in previous papers [31]. Unfortunately, 
Weniger did not understand this starting point of our articles that leads to his fundamentally 
flawed comment about our works on unsymmetrical and symmetrical addition theorems and 
their applications to multicenter integrals. In Refs  [65, 66], the formulas are presented for 
unsymmetrical and symmetrical one-range addition theorems for STOs and Coulomb –
Yukava like correlated interaction potentials of integer and noninteger indices in terms of 
αΨ
χ -
STOs   and αψ -ETOs, respectively.     
 28
References 
1. E.J. Weniger, Int. J. Quantum Chem., 90 (2002) 92.  
2. I.I. Guseinov, Int. J. Quant. Chem., 90 (2002) 114. 
3. E.J.Weniger,  math-ph/ 0704.11088v2 (http://arXiv.org). 
4. E.J.Weniger,  math-ph/ 0707.3361v1 (http://arXiv.org). 
5. I. I. Guseinov, Chem. Phys., 309 (2005) 209. 
6. T.Kato, Commun. Pure Appl. Math. 10 (1957) 151. 
7. S.Agmon, Anal. Math. Appl., 1 (1988) 1. 
8. S.Agmon, Lectures on Exponential Decay of Solutions of Second-Order Elliptic 
Equations: Bound on Eigenfunctions of N-Body Schrödinger Operators, Princeton 
Univ. Press, Princeton, NJ, 1982. 
9. H.W.Jones, Int. J. Quantum Chem., 61 (1997) 881. 
10. H.L.Kennedy, Y. Zhao,  Int. J. Quantum Chem., 71 (1999)1. 
11. V.Magnasco, A. Rapallo, M. Casanova,  Int. J. Quantum Chem., 73 (1999) 333. 
12. M.P.Barnett, Int. J. Quantum Chem., 76 (2000) 464. 
13. J.F.Rico, J.J. Fernandez, I. Ema, R.Lopez, G. Ramirez,  Int. J. Quantum Chem., 78 
(2000) 83. 
14. S.M.Mekelleche, A. Baba-Ahmed,  Theor. Chem. Acc., 103 ( 2000) 463. 
15. V.Magnasco, A. Rapallo,  Int. J. Quantum Chem., 79 ( 2000) 91. 
16. J.F.Rico, J.J. Fernandez, I.Ema, R.Lopez, G. Ramirez, Int. J. Quantum Chem., 81 
(2001) 16. 
17. I.I.Guseinov,  Int. J. Quantum Chem., 81 (2001) 126. 
18. S.Huzinaga,  Prog. Theor. Phys. Suppl., 40 (1967) 52. 
19. F.E.Harris, H.H. Michels, Adv. Chem. Phys., 13 (1967) 205. 
20. J.C.Browne,  Adv. At. Mol. Phys., 7 (1971) 47. 
21. C.A.Weatherford, H.W. Jones,  Eds. Int. Conf. ETO Multicenter Molecular Integrals, 
Tallahassee, 1981, Reidel, Dordrecht, 1982. 
22. E.O.Steinborn, In Methods in Computational Molecular Physics; G.H.F.Diercksen, 
S.Wilson,  Eds. Reidel, Dordrecht, 1983.. 
23. E.A.Hylleraas,  Z. Phys., 48 (1928) 469. 
24. E.A.Hylleraas,  Z. Phys., 54(1929) 347. 
25. H.Shull, P.O. Löwdin,  J. Chem. Phys., 23 (1955) 1362. 
26. P.O.Löwdin, H. Shull,  Phys. Rev., 101 (1956) 1730. 
 29
27. K.Rotenberg,  Adv. At. Mol. Phys., 6 (1970) 233. 
28. H.H.H.Homeier, E.J.Weniger, E.O.Steinborn, Int. J. Quantum Chem., 44 (1992) 405. 
29. E.U.Condon, G.H.Shortley,  The Theory of Atomic Spectra, Cambridge Univ. Press, 
Cambridge, UK, 1970. 
30. I.I. Guseinov, J. Mol. Model., 9 (2003) 135. 
31. I.I. Guseinov, J. Chem. Phys. 69 (1978) 4990; Phys. Rev. A., Gen. Phys., 22 (1980) 
369; Phys. Rev. A., Gen. Phys., 31 (1985) 2851. 
32. I.I. Guseinov, J. Mol. Model., 9 (2003) 190. 
33. I.I. Guseinov, J. Math. Chem., 39 (2006) 253. 
34. J.C.Slater , Quantum Theory of Atomic Structure. McGraw-Hill,New-York, Vol.2, 
1960. 
35. E.A Hylleraas,  Z. Physik, 60 (1930) 624. 
36. E.A. Hylleraas, Z. Physik, 65 (1930) 209. 
37. S.F.Boys,  Proc. Roy. Soc. (London) A ,201 (1950) 125. 
38. (a) P.O.Löwdin , Phys. Rev., 97 (1955) 1474; (b) P.O. Löwdin , Rev. Mod. Phys., 32 
(1960) 328. 
39. L.Szasz,  Phys. Rev., 126 (1962) 169. 
40. J.S.Sims , S.A.Hagstrom,  In. J. Quantum Chem., 90 (2002)1600. 
41. H.M.James, A.S. Coolidge, J. Chem. Phys.,  1 (1933) 825. 
42. W.Kolos, C.C.J.Roothaan , Rev. Mod .Phys.,  32 (1960) 205. 
43. W.Kolos, L. Wolniewicz , J. Chem. Phys., 41 (1964) 3663. 
44. A.Lüchow, H. Kleindienst,  Int. J. Quantum Chem.,  45 (1993) 445. 
45. I.N. Levine, Quantum Chemistry, 5th Ed., Prentice Hall, New Jersey, 2000.  
46. I.I. Guseinov, Phys. Rev. A., Gen. Phys., 37 (1988) 2314. 
47. I.I. Guseinov, J. Chem. Phys., 67 (1977) 3837. 
48.  I.I. Guseinov, R. Aydın, B. A. Mamedov, J. Mol. Model., 9 (2003) 325. 
49.  I.I. Guseinov, J. Math. Chem., 38 (2005) 489. 
50.  I.I. Guseinov, B. A. Mamedov, Int. J. Quantum Chem., 86 (2002) 440. 
51.  I. S. Gradshteyn, I. M. Ryzhik, Tables of Integrals, Sums, Series and Products, 4th ed. 
Academic Press, New York, 1980. 
52. I.I. Guseinov,  J. Mol. Struct. (Theochem), 625 (2003) 221. 
53. I.I. Guseinov, B.A. Mamedov, J.Mol.Model., 8 (2002) 272. 
54. I.I. Guseinov, B.A. Mamedov, MATCH, 52 (2004) 47. 
55. I.I. Guseinov, B.A. Mamedov, J. Mol. Struct.(Theochem), 465 (1999) 1. 
 30
56. R.S. Mulliken, C.A. Rieke, D. Orloff, and H. Orloff, J. Chem. Phys., 17 (1949) 1248. 
57. I.I. Guseinov, B.A. Mamedov, J. Math.Chem., 38 (2005) 21. 
58. N. Rosen, Phys. Rev., 38 (1931) 255. 
59.  I. I. Guseinov, J. Phys. B., 3 (1970) 1399. 
60. I.I. Guseinov, J. Mol. Struct. (Theochem), 417 (1997) 117. 
61. M.P.Barnett, Theor.Chem.Acc., 107 (2002) 241.  
62. J. N. Latosinska, Int. J. Quantum Chem., 91 (2003) 284. 
63. W. Magnus, F. Oberhettinger, R. P. Soni, Formulas and Theorems for the Special 
Functions of Methematical Physics, Springer, New York, 1966. 
64. H.J.Silverstone, J.Chem.Phys.,45 (1966) 4337. 
65. I.I.Guseinov,  arXiv: 0706.1693 (http://arXiv.org). 
66. I.I.Guseinov,  arXiv: 0706.2537 (http://arXiv.org). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 31
Table 4.1. Convergence of the series expansion relation for three-center nuclear attraction 
integral  as a function of summation limit  for  
     
)6.4,6.4,8.3(, 211,211
cabJ L
,60,1.1,15 0=== acacRN θ ,1350=acϕ ,70,1.0 0== ababR θ 054=abϕ
     
 
 
 
 
 
 
 
 
 
 
 
L  1−=α  
1 8.63162010381515E-01 
2 8.48610730270593E-01 
3 8.47373159860247E-01 
4 8.47489271198125E-01 
5 8.47488410946185E-01 
6 8.47488072030659E-01 
7 8.47488102185615E-01 
8 8.47488103395572E-01 
9 8.47488103228941E-01 
10 8.47488103229998E-01 
11 8.47488103229987E-01 
12 8.47488103229987E-01 
13 8.47488103229987E-01 
14 8.47488103229987E-01 
Table 4.2. Convergence of the series expansion relation for three-center nuclear attraction 
integral  as a function of summation limit )6.4,6.4,8.3(, 211,211
cabJ M  for  
   ,1.1,14,15 === acRLN ,600=acθ ,1350=acϕ ,70,1.0 0== ababR θ 054=abϕ
 
 
 
 
 
   
 
 
 
 
 
M  1−=α  
1 8.47488103229987E-01 
2 8.47488103229987E-01 
3 8.47488103229987E-01 
4 8.47488103229987E-01 
5 8.47488103229987E-01 
6 8.47488103229987E-01 
7 8.47488103229987E-01 
8 8.47488103229987E-01 
9 8.47488103229987E-01 
10 8.47488103229987E-01 
11 8.47488103229987E-01 
12 8.47488103229987E-01 
13 8.47488103229987E-01 
14 8.47488103229987E-01 
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Table 4.3. Convergence of the series expansion relation for three-center nuclear attraction integral  as a function of 
summation limit 
)6.4,6.4,8.3(, 211,211
cabJ
N  for                               ,60,1.1 0== acacR θ ,1350=acϕ ,70,1.0 0== ababR θ 054=abϕ
 N  1−=α  
8  8.47453482E-01
9  8.47467265E-01
10  8.47486649E-01
11  8.47486881E-01
12  8.47487735E-01
13  8.47487914E-01
14  8.47488122E-01
15  8.47488103E-01
 
 
 
 
 
 
 
Table 4.4. Comparison of methods of computing three-center nuclear attraction integrals with noninteger n STO for 1η ζ ′=  and 12=N .  
 
Eq.(4.23) 1n  1l  1m  1ζ  1n′  1l′  1m′ 1ζ ′  acR acθ acϕ abR abθ abϕ  
0=α  1−=α  
1.6            0 0 6.5 1.7 0 0 2.3 0.2 60 135 0.7 150 180 9.93446587E-01 9.93445036E-01
2.3             1 0 7.6 2.5 0 0 4.2 0.8 36 54 1.5 180 200 1.47075722E-01 1.47076339E-01
2.8            1 1 4.7 2.4 1 0 1.4 1.3 108 90 1.1 108 240 2.80477271E-02 2.80484428E-02
2.2             1 1 5.6 2.4 1 1 3.5 2.5 30 45 0.4 120 160 1.88484873E-01 1.88486052E-01
3.2           2 1 6.4 2.2 1 1 5.1 2.1 126 108 1.4 144 260 2.65988365E-02 2.65993638E-02
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Table 5.1. Comparison with results of Barnett [60] 
 
n  l  n′  l′  λ  p  t  Eqs.(5.2) and (5.10) in Turbo 
Pascal procedure 
Eqs.( 5.2) and (5.10) in   
 Mathematica  procedure 
          Ref.[60] in Mathematica   
           procedure 
3 2 3 2 1 25 0.6 -4.42287766988261E-04 -4.422877669882608806795415E-04 -4.42287 76698 82608 80679E-04 
4 2 4 3 1 80 0.4 4.03505950326382E-17 4.0350595032638229810896077E-17 4.03505 95032 63822 98108E-17 
5 4 5 4 4 100 0.7 1.56200599153976E-14 1.562006027457891037452179E-14 1.56200 60274 57891 03745E-14 
7 3 4 3 2 150 0.7 -1.76861050697887E-18 -1.768610506922648590808884E-18 -1.76861 05069 22648 59080E-18 
9 5 8 4 3 45 0.2 -5.46510243022867E-08 -5.465102430227040173824997E-08 -5.46510 24302 27040 17382E-08 
10 7 8 2 1 60 0.2 -1.84189026173558E-10 -1.841890261731981064243984E-10 -1.84189 02617 31981 06424E-10 
10 9 10 9 9 15 0.6 6.23122318196866E-04 6.231223181911249464756102E-04 6.23122 31819 11249 46475E-04 
13 12 13 12 12 25 0.01 1.35310560392189E-04 1.353105787024712381861868E-04 1.35310 57870 24712 38186E-04 
14 13 14 13 13 15 0.4 4.53551312156525E-03 4.535512851067909115523032E-03 4.53551 28510 67909 11552E-03 
15 14 15 14 14 15 0 3.74722497038009E-02 3.747224970381891954306084E-02 3.74722 49703 81891 95430E-02 
16 15 16 15 15 35 0 1.21686562253236E-06 1.216865218590198188569061E-06 1.21686 52185 90198 18856E-06 
17 8 8 7 4 50 0.1 -1.00640061354258E-06 -1.006400641171881723467400E-06 -1.00640 06411 71881 72346E-06 
17 16 17 16 16 25 -0.5 3.06769565185575E-05 3.067703255790193609380388E-05 3.06770 32557 90193 60938E-05 
18 12 18 12 12 20 -0.6 6.63931813651240E-05     6.639318136966506775132120E-05       6.63931 81369 66506 77513E-05 
21 10 9 8 6 45 0 5.38980685350612E-05 5.389806853381437730172720E-05 5.38980 68533 8143 773017E-05 
27 8 9 8 7 35 -0.2 -1.73300982799699E-04 -1.744238075196959091936618E-04 -1.74423 80751 96959 09193E-04 
30 10 14 10 8 35 0 1.35074709592800E-02 1.350747095932433388756335E-02 1.35074 70959 32433 38875E-02 
37 8 12 10 6 10 -0.6 3.98219849004259E-14 3.982280043770915735962091E-14 3.98228 00437 70915 73596E-14 
40 4 12 4 3 15 0.6 9.48379265599810E-02 9.483792208322556785384419E-02 9.48379 22083 22556 78538E-02 
43 10 18 8 6 60 -0.4 -1.15907687123104E-04 -1.158256532671748146605545E-04 -1.158256 53267 1748 14660E-04 
50 4 50 4 4 25 0.7 1.84395901037228E-12 1.843958799324363403100208E-12 1.84395 87993 24363 40310E-12 
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Table 5.2. The comparative values of the two-center overlap integrals over STOs in lined-up  
                 coordinate systems for small and high values of integral parameters 
 
 
n  l  n′  l′  λ  p  t  Eqs.(5.2) and (5.10) in   
 Mathematica  procedure 
Eqs.(5.2) and (5.10) in 
Turbo Pascal procedure 
7 4 7 4 4 0.01 0.01 0.999247898270316041412006 0.999247898270316 
7 4 7 4 4 0.1 0.001 0.999757766779732929393514 0.999757766779732 
7 4 7 4 4 0.01 0.001 0.99999015239715781346358966 0.999990152397158 
7 4 7 4 4 0.0 0.0 1.0000000000000000000000000 1.00000000000000000 
7 4 7 4 4 0.001 0.1 0.927393290379437884684943   0.927393290379438 
8 7 8 7 7 1E-4 1E-4 0.99999991470588556843130229397 0.999999914705885 
8 7 8 7 7 1E-6 1E-6 0.999999999991470588235326272549 0.999999999991471 
8 7 8 7 7 1E-6 -0.5 0.0867003276707393893942732464838 0.0867003276707394 
10 9 10 9 9 1E-8 0.6 9.2233720368547757939453378486E-03 9.22337203685478E-03 
10 9 10 9 9 0.0 0.0 1.000000000000000000000000 1.000000000000000 
10 9 10 9 9 1E-8 1E-8 0.99999999999999894761904761905 0.99999999999999 
10 9 10 9 9 1E-5 -0.8 2.19369506403590528994511164E-05 2.19369506403591 
12 10 12 10 10 1E-5 1E-5 0.999999998748172653525286140114 0.999999998748173 
12 10 12 10 10 1E-6 1E-6 0.999999999987481726528112453 0.999999999987482 
12 10 12 10 10 1E-6 0.1 0.881941811798895655010568341338 0.881941811798896 
12 10 12 10 10 1E-4 -0.6 3.777893185901025124800447871E-03 3.77789318590103E-03 
7 6 7 6 6 50 0.1 1.460223378297466376711404E-14 1.46022337769784E-14 
10 9 16 10 9 60 0.1   - 4.9132686576421288143263755E-13 - 4.91327027112068E-13 
10 9 16 10 9 60 0.01 -1.8109678956664726386189893E-13 -1.81096834940493E-13 
13 10 13 10 10 35 0.1 9.76348508560255594773647305E-07 9.76348559116148E-07 
7 4 7 4 4 100 0.1 2.72292316027798424617358955E-31 2.72292315888289E-31 
75 30 75 20 18 1E-6 0.0 -8.192975496216878820259263E-78 -8.19297549621688E-78 
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     Table 5.3. The comparative values of the two-center overlap integrals over noninteger n STOs in lined-up coordinate systems  
                  for various values of parameters and 17N N ′= =  
 
                    Eq.(5.20) in   Mathematica  5 *n  l  *n′ l′  m  p  p′  t  Eq.(5.20) in Turbo Pascal 
7.0  
0α =     0α =    1α =      1α = −  
          Ref.[60]  
7.3            4 7.3 4 4 2 1 0.5 1.01734314959344E-01 1.017343148889628E-01 1.017343260081906E-01 1.0173435184322346E-01 1.101734314960E-01 
3.8           0 5.5 0 0 2.31 1.54 11/33 2.90802046505438E-01 2.908020459831434E-01 2.908020430948767E-01 2.90802093240919E-01 2.90802069369E-01 
5.7            1 3.8 1 1 2.38 1.82 4/17 8.66889506331727E-01 8.668895066998231E-01 8.668895064966607E-01 8.668895066998231E-01 8.66889476942E-01 
7.7           4 6.6 4 4 6 7.5 -0.25 2.34831461718284E-01 2.3483146019118006E-01 2.3483145709511305E-01 2.348314694545564E-01 2.34831448531E-01 
4.1            2 3.7 2 2 10.25 9 5/41 2.93541966880792E-02 2.935419701322025E-02 2.9354189813759587E-02 2.93541978255766E-02 2.93217486171E-02 
4.6             3 3.7 2 2 4 2.8 0.3 3.36298814615661E-01 3.362988647194424E-01 3.3629890916449356E-01 3.3629882528623E-01
7.2 6 7.8 6 6    8 7.84  0.02 1.80791756875938E-01 1.8079441278114533E-01 1.80794413147871E-01 1.8079441276532351E-01  
8.7 4 8.8 5 4  0.008 6/1250   0.4 -4.50210194347972E-04 4.5021019516522707E-04 4.502101948196665E-04 4.5021019298838096E-04  
13.2 7 11.5 7 6   0.06 0.054   0.1 9.84040136524412E-01 9.840401364384664E-01 9.840401364380328E-01 9840401364358113E-01  
15.5             10 12.8 10 10 0.06 0.054 0.1 9.96889730182741E-01 9.96889728830528E-01 9.968897287341084E-01
15.5             14 15.8 14 14 0.06 0.054 0.1 8.237701856862741E-01 8.237129583400589E-01 8.237530045411975E-01
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Table 5.4. Convergence of the series expansion relations for overlap integrals over noninteger 
n STOs as a function of summation limits for N N ′=   
 
N  
Eq.(5.20) for  
( )13.276,11.576 0.06,0.1S  
11 0.9840682484939571 
12 0.9840407293306768 
13 0.9840401363432201 
14 0.9840401350076602 
15 0.9840401363152588 
16 0.9840401364339384 
17 0.9840401364384664 
 
 
Table 5.5. Convergence of the series expansion relation for overlap integrals over noninteger 
n STOs as a function of α  for 17N N ′= =   
 
α  
Eq.(5.20) for  
( )15.51010,12.81010 0.06,0.1S  
0 0.9968786441071692 
1 0.9968786427547844 
-1 0.9968786426594946 
-2 0.996878649756326 
-3 0.9968788855664 
-4 0.996880222965571 
-5 0.99688484484723 
 
 
 
 
 
 
